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A study is  made of the equations descr ibing the propagat ion of a monochromat ic  pulse of r a -  
diation of a r b i t r a r y  shape in absorbing media  - a p l a s m a  and an absorb ing  two- level  photo- 
d issociable  medium.  Exact  analytic solutions a re  found for  a wide va r i e ty  of boundary con-  
ditions. The discuss ion is  c a r r i e d  through for  p rob l ems  with plane,  cyl indrical ,  and sphe r -  
ical  s y m m e t r y .  The fo rmulas  obtained can be used d i rec t ly  to compare  calculat ion and ex-  
per iment .  

The equations for the t r a n s p o r t  of radiat ion in med ia  whose p rope r t i e s  a re  a l t e red  by a light pulse 
a re  nonlinear.  This  significantly l imi t s  the number  of cases  for  which i t  is poss ib le  to obtain a c losed 
analytic solution of the s y s t em  of equations sat isfying p r e s c r i b e d  initial and boundary conditions. P a r t i c -  
u lar  solutions of the t r anspo r t  equations in an absorbing  (amplifying) two- leve l  medium and in a p l a s m a  
have been obtained by var ious  methods [1-4]. 

The equation for the t r a n s p o r t  of radia t ion of f requency v in an absorbing (amplifying) medium has 
the f o r m  

'i O[ 
c Ot + f t v l  = --  K I  (1) 

where I(r, ~2, t) is the intensity of radiation per unit solid angle propagating in the direction ~, K is the ab- 
sorption coefficient of the medium, and c is the velocity of light. We note that the first term in (1) is es-  
sential in investigating picosecond pulses in a plasma [4, 5]. When the reflection and scattering of light 
can be neglected and propagation in the medium can be treated as one-dimensional, Eq. (1) takes the form 

t OI i O 
c at § ~-s W (rCz[') = - -  K [  (2) 

where ~ = 0, 1, and 2 respectively for plane, cylindrical, and spherical symmetry. 

The material equation for an absorbing medium can be written as 

an (r)O~/Ot = KI  (3) 

by assuming  that the medium is  cha rac t e r i zed  by two va r iab le  p a r a m e t e r s  ~o(r, t), n(r),  and K=K(~o, n). 
We wri te  the initial  and boundary conditions in the fo rm 

t (r, O) = O, ~ (r, O) = 9, (r) (r>~ro) (4) 
t (to, t) = Io (t) (t>~o) 

Equations (2) and (3) with conditions (4) consti tute the mathemat ica l  formulat ion of a number  of phys -  
ical  p rob lems :  

1) If  r  i s  the p l a s m a  t empe ra tu r e ,  n is the e lec t ron  density,  a=3/2,  and K=K(T,  n), we have the 
p rob lem of the heating of a quiescent  p l a s m a  by l a s e r  radia t ion [1, 3, 4]; 
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2) if g0=N is the molecular  density of the gas, a = - 1 ,  n = 1, K=crN, where ~ is the photolysis c ross  
section, we have the problem of the propagation of a photodissociation wave in a gas [6]; 

3) if ga=N2-N 1 is the difference in populations of the excited and ground states of active a toms ,  K= 
~(NI-N2),  n= 1, a = 1/2, we have the problem of the amplification (absorption) of a light pulse in a two-level  
medium without taking account of the spontaneous decay of the upper level [2, 7]. 

After the change of var iables  

the system (2), (3) takes the form 

n = ~ t - ~ + r o ,  ~ = ~  (5) 

- -  § T i = - (6)  

oq) 
(D ~ = K~ (7)  

Here we have introduced the notation i = I / ac .  If  K is written in the form K=k(} ) / f (~ )  and i is e l im-  
inated f rom the equations, we find a f i r s t  integral  of the sys tem (6), (7): 

0 ??, ~. /'b 

For a wide variety of physical problems we can set [i, 8] 

/ (~) : ~ ,  k ~ k0n ~ 

For  example, for b remss t rah lung- type  absorption in a p lasma 7=3/2, fi=2; in photolysis or light am-  
plification in an active medium 7 = - 1 ,  fl= 0, and k0=~. We investigate Eq. (8) for two cases :  

Case 1 : 7  # -1.  Equation (8) reduces  to the general ized Bernouilli  equation for the function ~, = nl-%~+i : 

+ ~ (9) Q : _ A ( ~ ) Q _ ( ~ + I ) _ t _ ~ _ G + Q ( ~ ) , c ~  A ( ~ ) = ( 7 + l ) k 0 ~ X  ' n -  7 §  

The solution of (9) is reduced to quadratures  if Q(}) sat isf ies  the equation 

( - ~  dA ) Q~'+I-- R (-- A)'C+I Q =O (10) dQ T M  ~" + i 
d~ § - A -~ 

f rom which we find that Q must  have the form 

( I )1/-c ~ (11) Q ( ~ ) : ( ' ] ' §  -x G- -T6koB nx~Xd~ ' %-- 7 + t  

where R and G are  a rb i t r a ry  constants,  6 = ( - 1 )  Y for y > - 1 ,  and 6 = 1 for y < - l .  

For  Q(}) in the form (11) the solution of (8) has the form 

(-- ~)'~ (7 -{- ~) "~5~o~ ~' n~xd~ -- G (12) do) + F (~1) --  In 
f t.,)llCt+l) _ R(9 + t 7(5R 

where 

e) = [--A (i)/0 (~)l TM 

Using boundary condition. (4) at r = r 0 we find F0?). Finally we have 

r r o 

d(9 (--  t) ~ ("( § l ) I n  75koR nXr'~Xdr - -G 75koR nXrV• G (91/('Y+I)_ .Ro) + 1 : 75R 
COo 

where 

(9 = (-- J)'f+l r~nl-,~v+1, (90 = (-- i)V+iro~n I-[~ (to) q)o Y+I 
I c 11 (~+1) 

o 

The express ion for the intensity I is easy  to obtain from (7): 

I = I0 0]) [ ~  I (v+l) ~ Be) § t]  [(9~ / (~+1) __ R(9~ § t]  -1 

(13) 

(14) 

749 



We use the initial  condition (4) at t=0 .  Since I(r ,  0)=0 we have for  t = 0  

OlO~ ~ a/Or, Q (~) ~ (2 (r) 

Specifying Q(~) in the fo rm (11) is  equivalent  to specifying the initial p rof i les  of n(r) and q~,(r); the e x p r e s -  
sions for  these  quanti t ies mus t  sa t i s fy  the equation 

r v 

I do} ( - - t ) v  (T-~-t)  In I [ ' fSk~ f nXr'CX'dr G ] [TSk0R "ri nXrT• 7-11 {91 [ (Y+l) __ ~{9 _~ i "~8~ - -  - - 6  3 

where  

0}, = (--  _, r n -r, , {9,0 = {9, (to) ( 1 5 )  

Thus the s y s t e m  (2)-(4) with condition (15) has  a solution obtained f rom (13) and (14). In pa r t i cu la r  
the expres s ions  given in [1, 3, 4] a r e  eas i ly  obtained f rom Eqs.  (13) and (14) by set t ing R = 0  and giving n(r) 
and qg,(r) specia l  fo rms .  I t  should be noted that, for example ,  in p rob l ems  of p l a s m a  heating by intense 
l a s e r  pu lses  i t  is impor tan t  to obtain analytic solutions for the m o s t  d iverse  initial  p rof i l es  of the p l a s m a  
density and the t e m p e r a t u r e  for va r ious  types  of s y m m e t r y  in o rder  to be able to compare  the calculat ions 
with exper imen ta l  data. For  example ,  when picosecond pulses  a re  incident on a solid t a rge t  [5] the prof i le  
of the p l a s m a  density n(r) is  an increas ing  function of r as a consequence of the gas  dynamic r emova l  of 
the heated layer ,  and the prof i le  of the p l a s m a  t e m p e r a t u r e  is  be l l - shaped since the t e m p e r a t u r e  is low at 
the p l a s m a - v a c u u m  boundary because of gas -dynamic  d ispers ion  and at  the p l a s m a - s o l i d  boundary because 
of the loss  of heat  by e lec t ron  t he rm a l  conduction; the motion of the p l a s m a  during the t ime  of propagat ion 
of the pulse can be neglected because the t ime  involved is  so smal l  (10-11-10 -l~ sec).  The requ i red  fo rm 
of the prof i le  is se lec ted  by vary ing  R and G in Eq. (15). 

Case  2: 7 = - 1 .  For  y = - I  Eq. (8) takes  the fo rm 

+ +T I + = (i65 

In con t ra s t  with the case  cons idered  above it is expedient  to solve Eq. (16) s epa ra t e ly  for each phys -  
ical case  since the sea rch  for  a genera l  method of solution is beset  with formidable  ma themat i ca l  diff icul-  
t ies .  In pa r t i cu l a r  let  us cons ider  Eq. (165 as applied to photolysis  p rob l ems  or to the propagat ion of a 
pulse in a two- level  medium.  Setting n= 1 and k0=g (the in teract ion c r o s s - s e c t i o n  for the appropr ia te  p r o -  
cess)  we obtain 

1 0r 
r 0~ ~-'T-lncP~-~q~=Ql(~) (17) 

I f  ~ =0 (ptane case) Eq. (17) is l inear ized  by the substitution Z = ~o -1, and i ts  sotution for a two-level  
med ium (~o=N2-N 1) is  given in [2]. For  a ;~ 0 the substi tution w=crq~ reduces  Eq. (17) to the fo rm 

0 ~  (185 
{9 0~ -kaln{gq-{9:Q(~) 

For  Q = const  and the boundary condition (4) the solution of Eq. (185 can be wri t ten in the fo rm 

i g~ (19) r - - { 9 -  u In {9) = l n - ~ o  

where  

{9o--ZrcTo. ~o=~,(ro) exp["~'llo(~l)d~]] 
o 

The express ion  for the intensi ty can obviously be wri t ten in the same fo rm as  (14): 

I = Io 0]) [{9 ~- a In ~ - -  Q ] [{90 -k  a In  coo - Q ]-1 (205 

We now take account of the initial  condition at t= 0. The prof i le  of 9 ,  = {9, (r) / zr m u s t  sa t is fy  the 
equation 

to, 

!( ~ (Q - ~ - ~ l~  {9) = 1~ @ ( 2 1 )  
{0 to) �9 
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where Q ~ Q * = ~  In w.(r0)+w.(r0) .  If Q=Q* the prof i le  of r  has the simple form 

(p, ~- (p, (r0) ro/r 

In cyl indr ical  symmet ry  this fo rm of the prof i le  is in a cer ta in  sense equivalent to a constant profi le  
of ~,  in plane symmet ry ;  i .e. ,  the wave of the corresponding p roces s  for a constant intensity I 0 at the 
boundary is propagated with the constant veloci ty D =I0/gP.(r0). 

In conclusion the authors  thank O. N. Krokhina for a discussion of the problems cons idered  in the 
paper .  
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